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We propose an experimental scheme to simulate and observe the Klein tunneling of relativistic
Maxwell particles with trapped ions. We explore the scattering dynamics of the pseudospin-one
Maxwell particles and demonstrate that the scattered state should be a superposition of a reflection
state, a localization state, and a transmission state. The probabilities of these states can be ana-
lytically obtained by the approach of Landau-Zener transition. We further show that the Maxwell
Hamiltonian and the associated scattering dynamics can be mimicked with two trapped ions. The
Maxwell spinors are encoded by three internal states of the first ion, the position and momentum
are described by those of the motional modes, and the desired linear potential barrier is built by
the second ion.
I. INTRODUCTION
Simulation of the Dirac particles with condensed mat-
ter systems or some artificial systems has recently been
attracted considerable attention [1–13]. The Dirac equa-
tion successfully merges quantum mechanics with special
relativity, and predicts some unexpected peculiar effects
for a relativistic quantum particle, such as Klein’s para-
dox [14, 15] and Zitterbewegung [16]. These predicted
phenomena provide fundamental understanding of rela-
tivistic quantum effects, but are very hard to observe in
elementary particles. In recent years, it has been demon-
strated that various artificial quantum systems, such as
trapped ions [2–5] and ultracold atoms [6–10], can be
used to simulate relativistic quantum effects. These sys-
tems become promising platforms for quantum simula-
tion due to their high flexibility and controllability, which
allow access to different physical regimes [17–19].
Besides the spin-1/2 Dirac particles, exotic quantum
effects can also appear in higher spin relativistic quantum
particles [20–26]. Similar to the spin-1/2 Dirac equation,
a relativistic quantum wave equation can be formulated
from the classical Maxwell equations. This wave equation
describes the dynamics of an effective spin-1 relativistic
quantum particle, and thus is called quantum Maxwell
equation [27, 28]. It has been demonstrated that this
quantum Maxwell equation can be simulated with ul-
tracold atoms in optical lattices [28–31]. In its original
formulation, the Klein tunneling was referred as an un-
damped scattering under a potential step with barrier
hight V > 2mc2, where mc2 is the rest energy of the in-
cident particle [14, 15]. The Klein tunneling effect always
comes with the transition and interference of different en-
ergy parts of states [32]. Due to the richer energy struc-
ture for the spin-1 particles, perfect penetration against
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square barrier can be found for some special incident en-
ergy for the spin-1 particles, but less transmission for the
spin-1/2 Dirac particles under the same conditions. Such
phenomenon is termed as super-Klein tunneling in liter-
ature [20–23]. On the other hand, there is one oscillation
frequency in the Zitterbewegung effect of the Dirac parti-
cles, but there are two different oscillation frequencies in
the Zitterbewegung oscillations of Maxwell fermions [33].
So both the Klein tunnelling and Zitterbewegung effects
for the quantum Maxwell particles can have unique fea-
tures. However, the realization of the quantum Maxwell
equation with cold atoms in optical lattices is challenge
due to the complicated spin-orbit couplings required for
the three-component spinors [28]. Thus, other experi-
mentally more feasible schemes to mimic the quantum
Maxwell equation are highly desired.
In this paper, we propose an experimentally feasible
scheme to simulate and observe the scattering dynam-
ics described by the quantum Maxwell equation with
trapped ions. We explore the scattering dynamics of the
pseudospin-1 Maxwell particles in the presence of a lin-
ear external potential and demonstrate that the scattered
state should be a superposition of a reflection state, a lo-
calization state, and a transmission state. The probabil-
ities of these states can be analytically obtained by using
the approach of Landau-Zener transition. We further
show that the Maxwell Hamiltonian and the associated
scattering dynamics can be mimicked with two trapped
ions, similar to the simulation of the Dirac Hamiltonian
[2–5]. The Maxwell spinors are encoded by the internal
states of the first ion, and its position and momentum are
described by those of the motional modes of the ion. The
desired linear potential barrier is built by the second ion.
Ions trapped in a RF trap can be well manipulated to deal
with a wide range of information precessing tasks with
high flexibility and accuracy [17, 18]. The other exper-
imental manipulations, such as preparation or readout,
have already been the standard methods in trapped ion
system. Notably, the Klein tunneling and Zitterbewegung
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2of a Dirac particle have been simulated and observed with
trapped ions [2, 5]. The technologies developed there can
be straightforwardly used in the present scheme. So the
phenomena explored here could be observed within the
near future.
The rest of the paper is organized as follows. In Sec. II,
we present the relativistic Hamiltonian of a pseudospin-
1 Maxwell particle and reveal the probabilities of three
scattering states in the Klein tunneling with the approach
of Landau-Zener transition. In Sect. III, we propose
quantum simulation of the system and its scattering dy-
namics with trapped ions. Finally, a short conclusion is
given in Sec. IV.
II. THE SCATTERING DYNAMICS
We consider quantum tunneling of pseudospin-1 rel-
ativistic particles through a potential V (x, y) in a two-
dimensional space, which is described the Hamiltonian
HˆM = cpˆxSx + cpˆySy +mc
2Sz + V (x, y)I3, (1)
where c is the effective speed of light, pˆx,y = i~∂x,y are
the momentum operators, and m is the particle mass.
The matrices Sx,y,z are matrix representations of the
spin components with spin S = 1, and I3 is the iden-
tity matrix. The Hamiltonian in Eq. (1) can be de-
rived from the famous classical Maxwell equations in the
forms of the Schrodinger equation [28], and it describes
a (pseudo)spin-1 particle in relativistic case. Therefore,
the particles described by the quantum wave equation
i~∂tΨ(r, t) = HMΨ(r, t) are so-called Maxwell particles
[27, 28].
A general state in momentum space kx,y = px,y/~ can
be written as |Ψ〉 = ∑3j=1 aj |Ψj〉 with j = +,−, 0, where
|Ψj〉 are the eigenstates (spinors) with the eigenvalues
E± = ±
√
c2k2 +m2c4 (k =
√
k2x + k
2
y = p/~) and E0 =
0. The spinor |Ψj〉 can be constructed by the projection
operators in momentum space, |Ψj〉 = Pˆ j(k)|Ψ〉, where
the projection operators are given by
Pˆ± =
1
2
[
(
cpxSx + cpySy +mc
2Sz
E+
)2
± cpxSx + cpySy +mc
2Sz
E+
]
,
Pˆ 0 =I3 − (cpxSx + cpySy +mc
2Sz
E+
)2.
(2)
Here we focus on the quantum tunneling with an ex-
ternal potential V (x, y) = gx (g > 0), as shown in Fig.
1(a). If the initially incident state is |Ψj〉, the finial state
after scattering can be written in a general form,
|Ψ(t)〉 =
∑
jn
ajn|Ψn(t)〉, (3)
E E+
E-
E0
0
0
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FIG. 1. Scattering dynamics of a pseudospin-1 Maxwell par-
ticle in (a) position space and (b) momentum space. The
incident state |Ψ+(t0)〉 with positive momentum is initially
prepared in the positive energy band. It moves in real space
with a repulsive potential V (x, y) = gx shown in the inset of
(a). The particle can be reflected as a reflection wave, or enter
the forbidden region as a transmission wave by reducing its
kinetic energy, or even enter the zero-energy band as a local-
ization state, as shown in (a). The three scattering states are
denoted the wave functions |Ψ+(t)〉, |Ψ−(t)〉, and |Ψ0(t)〉 in
(b), respectively, and the distributions in the three bands can
be calculated by the approach of Landau-Zener transition.
where j, n = +,−, 0, and ajn represents the amplitude
transfering from the initial state |Ψj〉 to the final energy
branch of |Ψn〉. In Fig. 1(a), the case with the inci-
dent state |Ψ+〉 is illustrated. The final state should be
a superposition of a reflection state denoted as |Ψ+〉, a
localized state denoted as |Ψ0〉, and a transmission state
denoted as |Ψ−〉. The state |Ψ0〉 should be a localized
state since the group velocities ∂kx,kyE0(kx, ky) = 0.
Under the linear potential condition, the transition
probabilities |a2jn| can be calculated based on the method
of the Landau-Zener tunneling [34–36]. We rewrite the
Hamiltonian (1) in momentum space,
Hˆk =c~kxSx + c~kySy +mc2Sz + i~g∂kxI3
=c~kxSx + m˜c2S˜z˜ + i~g∂kxI3,
(4)
where m˜c2 =
√
m2c4 + ~2k2yc2 is an effective mass since
ky is well defined, and S˜z˜ = nySy + nzSz with ny =
~ky/(m˜c) and nz = m/m˜. The term i~g∂kx is equiva-
lent to a constant force along the kx axis, which makes a
decrease in kx. Thus, the scattering process can be inter-
preted in terms of a reduced Landau-Zener transition in
one-dimensional momentum space (i.e., kx). As shown
in Fig. 1(b), the incident state |Ψ+(t0)〉 has an initial
momentum k0 = (kx0, ky0) with kx0 > 0, and the linear
potential decreases kx and leads to a non-adiabatic tran-
sition to another two bands near the anti-crossing point.
The finite state acquires a reversed momentum along kx,
i.e. kx < 0, which corresponds to a reflection in real
space. Following the calculations outlined in Ref. [37],
we can obtain the transition probability
3(a)
(b)
FIG. 2. The transmission probability as a function of the
incident angle θ = arctan(ky0/kx0) for (a) spin-1 particles
and (b) spin-1/2 particles with different slope gradients g of
the linear potential. Here the natural units ~ = c = 1 are
adopted, and the parameters m = 1 and ky0 = 1.
Γ+− =|a+−|2 = exp(−pi m˜
2c4
~cg
)
= exp(−pim
2c4 + p20c
2 sin2 θ
~cg
) ,
Γ+0 =|a+0|2 = 2 exp(−pi m˜
2c4
2~cg
)[1− exp(−pi m˜
2c4
2~cg
)]
=2 exp(−pim
2c4 + p20c
2 sin2 θ
2~cg
)×
[1− exp(−pim
2c4 + p20c
2 sin2 θ
2~cg
)] ,
Γ++ =|a++|2 = 1− Γ+− − Γ+0 ,
(5)
where Γjn is the occupation probability on the j band
at time t → +∞ for the state initially on the n band
at t → −∞, and θ denotes the incident angle defined as
θ = arctan(ky0/kx0). The transmission probability can
be defined as
T = Γ+0 + Γ+−. (6)
Figure 2(a) illustrates the transmission probability T
as a function of the incident angle θ for the Maxwell parti-
cles. It shows that the potential will become more trans-
parent for all the incident angles when the slope gradient
g becomes larger. If g is sufficiently large, the trans-
mission probability is almost unit and this result is very
similar to the so-called super-Klein tunneling of spin-
1 particles through a square potential barrier [20, 31].
For comparison, the transmission probability for spin-
1/2 particles is also plotted in Fig. 2(b). The relativistic
Hamiltonian of spin-1/2 particles has the same form with
that in Eq. (1), but the spin operators Sx,y,z and the unit
matrix I3 are replaced by the Pauli matrices σx,y,z and
2 × 2 unit matrix I2, respectively. It is clear that the
transmission probability is smaller for spin-1/2 particles
than that of spin-1 particles under the same conditions.
Without loss of generality, we consider the normal in-
cident case for simulation of the scattering dynamics, in
which case the model reduces to one dimension. Figures
3(a-d) show the scattering dynamics of the spin-1 parti-
cles described by an initial wave packet ∝ eip0xe− x
2
2∆¯2 ξ
with p0 = 10.0 and ∆¯ = 2, where ξ denotes the spinor
function. Figures 3(a) and 3(c) plot the results for
ξT = (1, 0, 0) with g = 0 (free evolution) and g = 1.5
(scattering by the linear potential), respectively. Figures
3(b) and 3(d) show the results when the initial spinor
state is ξT = (1, 0, 1), with the same other conditions in
3(a) and 3(c), respectively. The down panel in Fig. 3
show the corresponding distributions of three spin com-
ponents |Ψj(t = 7∆¯)〉. For the case of g = 1.5, the final
state after a long time is a superposition of a reflection
state |Ψ+〉 propagating along the −x direction (centering
at the x < 0 region), a localized state |Ψ0〉 centering at
the x > 0 region, and a transmission state |Ψ−〉 propagat-
ing along the x direction (centering at the x > 0 region),
which are also shown in Fig. 1(a). In Fig. 3(d), five
peaks in the total density distribution are formed when
the evolution time is longer than 7∆¯ because a pair of
peaks appear for every |Ψj〉 (j = +,−, 0) with two peaks
of |Ψ−〉 and |Ψ+〉 almost being overlapped.
III. QUANTUM SIMULATION WITH
TRAPPED IONS
We now propose quantum simulation of scattering dy-
namics with trapped ions. Similar to the simulation of
Dirac particles [4, 5], mimicking the scattering process
in a scale potential requires two ions. Let us consider a
string of two trapped ions, denoted by ion 1 and ion 2,
as shown in Fig. 4. The first ion will encode a three-
component Maxwell spinor in its three ionic states, while
the second ion will be used as an ancilla to implement
the potential. The involved internal levels for ion 1 could
be chosen as the 2S1/2 hyperfine clock ground states of
171Yb+: |a〉 ≡ |1, 1〉, |b〉 ≡ |0, 0〉, and |c〉 ≡ |1,−1〉; for
ion 2 could be qubit states |a′〉 ≡ |1, 0〉 and |b′〉 ≡ |0, 0〉
[38, 39]. Here the two quantum numbers denote F and
mF for the levels of
171Yb+ ion.
The motion of two ions trapped in a RF trap are cor-
related together to form collective modes. The creation
and annihilation of motional modes give definition of ex-
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FIG. 3. Up panel: free evolution (g = 0) for an initial wave packet with (a) a positive-energy eigen-spinor |Ψ+〉 and (b) a
superposition spinor 1√
2
(|Ψ+〉+ |Ψ−〉); the scattering dynamics with g = 1.5 for an initial wave packet with (c) a positive-energy
eigen-spinor |Ψ+〉 and (d) a superposition spinor 1√2 (|Ψ+〉 + |Ψ−〉). Down panel: the corresponding distributions of three spin
components |Ψ+,−,0(t = 7∆¯)〉 in real space. Here ~ = c = 1 and the rest mass m = 0.85.
FIG. 4. Proposed trapped-ion setup for simulating scattering
dynamics of a Maxwell particle in an external potential. The
three-component spinors are encoded by three internal states
of ion 1, and the potential is implemented by red and blue
sidebands applied to the auxiliary ion 2.
ternal parameters by
xˆl = ∆l(aˆl + aˆ
†
l ) , pˆl =
~
2i∆l
(aˆl − aˆ†l ) , (7)
where al (a
†
l ) is the creation (annihilation) operator of
a motional mode in the l axis with l = {x, y, z}, and
∆l =
√
~/2Mωl is the spread of ground state of the ion.
Lasers or microwaves are applied to couple the internal
levels of each ion and the center-of-mass motion in one of
the three directions by absorbing or emission of photons
[17, 18, 40–42].
The dipole coupling between monochromatic light field
and ions or Raman coupling between bichromatic light
field and ions can be effectively described by a simple
Rabi model within the Lamb-Dicke regime. In this case,
the effective Hamiltonian of interactions between light
and two qubit levels |α〉 and |β〉 could take the lowest
order in η [17, 18],
Hˆαβ =
~
2
Ω0σ
+
αβ{1 + iη(aˆe−iνt + aˆ†eiνt)}ei(φ−δt) + H.c. ,
(8)
where σαβ+ is the raising operator acting on the ion’s in-
ternal states, Ω0 is the Rabi frequency, η = k
√
2Mω is
the Lamb-Dicke parameter, ν is the frequency of the laser
field, φ is the phase of the laser field, and δ is the laser
detuning.
Depending on the detuning from the qubit transition,
three types of fundamental interactions can be engineered
as the quantum simulation toolbox to construct desired
dynamics. The first is the case of resonance δ = 0 with
the reduced Hamiltonian
Hˆαβc =
~
2
Ω0(σˆ
+
αβe
iφ + σˆ−αβe
−iφ). (9)
which is called carrier interaction. When the detuning is
negative δ = −ν, the effective interaction is called red-
sideband with
Hˆαβr =
~
2
Ω0η(aˆσˆ
+
αβe
iφ + aˆ†σˆ−αβe
−iφ), (10)
while the blue-sideband for δ = +ν with
Hˆαβb =
~
2
Ω0η(aˆ
†σˆ+αβe
iφ + aˆσˆ−αβe
−iφ) . (11)
Interactions in the toolbox are adjustable with the phase
φ and coupling strength Ω. By recalling the definition of
Eq. (7) and making identifications that σˆxαβ = (σˆ
+
αβ +
5σˆ−αβ)/2 and σˆ
y
αβ = (σˆ
+
αβ − σˆ−αβ)/2i, when only the carrier
interaction is present, one has
Hˆαβσl = ~Ω˜lσ
αβ
l (12)
with the appropriate phase setting. Applying the red-
sideband interaction and blue-sideband interaction with
appropriate manipulation of the laser filed, one could im-
plement the coupling between the internal and external
dimensions,
Hˆαβpl = ∆lΩ0lησˆ
αβ
l pˆl, (13)
Hˆαβxl = ~ηΩσ
αβ
xl
xˆl/∆xl . (14)
To simulate a spin-1 particle, three internal levels are
needed to encode the three spinors. As shown in Fig. 4,
the three levels are denoted as |a〉, |b〉 and |c〉, and the
spinor state can be expressed as
|Ψ〉 ≡ Ψa|a〉+ Ψb|b〉+ Ψc|c〉 = (Ψa,Ψb,Ψc)T . (15)
Applying Eqs. (12)-(14) appropriately to the three levels
in ion 1 and the two levels in ion2, we can obtain the
following Hamiltonian
Hˆion =Hˆ
ab
px + Hˆ
bc
px + Hˆ
ab
py + Hˆ
bc
py + Hˆ
ab
σz + Hˆ
bc
σz + Hˆ
a′b′
x ,
=η∆Ω˜1(σˆ
ab
x + σˆ
bc
x )pˆx + η∆Ω˜1(σˆ
ab
y + σˆ
bc
y )pˆy+
~Ω1(σˆabz + σˆbcz ) + ~ηΩ˜2xˆσx2/∆
=
√
2η∆Ω˜1(Sxpˆx + Sypˆy) + ~Ω1Sz + ~ηΩ˜2xˆσx2/∆ ,
(16)
where Hˆa
′b′
x and the related σ
x
2 correspond to the manip-
ulations on ion-2. Here we have chosen the parameters
so as η := η1x,y = η2, Ω˜1 := Ω1x = Ω1y, Ω1 = Ω1z and
∆ := ∆1 = ∆2. Note that the σz terms could be induced
by AC Stark shift. To obtain a scalar potential which
is linear in the x-direction, the second ion is required to
be initialized in the positive eigenstate of σx2 . Then we
can find that it is equivalent to the model given by Eq.
(1) with the correspondence c :=
√
2η∆Ω˜1, mc
2 := ~Ω1
and g := ~ηΩ˜2/∆. Thus the two-dimensional quantum
Maxwell equation can be realized with tunable parame-
ters.
In absence of interactions Hˆabpy and Hˆ
bc
py , the Hamilto-
nian Eq. (16) reduces to one dimension, which could be
more easily dealt with in realistic experiments. Under
this condition, the scattering dynamics shown in Fig. 3
can be experimentally demonstrated.
In typical experiments, the 171Yb+ ions can be ini-
tialized to the ground state by Doppler cooling on the
2S1/2-
2P1/2 transition at 369.53 nm. Then the carrier
interaction and red/blue sideband interactions can be
applied simultaneously to produce the desired dynam-
ics via two-photon stimulated Raman transitions. Af-
terward, the ion states are measured by the standard
flourescence technique with an additional laser field cou-
pling the 2S1/2-
2P1/2 transition [39, 40]. Note that the
accessible parameters in experiments is sufficient to give
observable phenomena. For instance, with typical exper-
imental parameters given by η = 0.05, Ω˜1 = 2pi×10 kHz,
Ω˜1 = 2pi×1 kHz and Ω˜2 = 2pi×50 kHz, which correspond
to m2c4/(~cg) ∼ 0.56 in Hamiltonian 4, one could pre-
pare a normal incident positive-energy initial state with
spatial extension of order of ∆ to obtain a large trans-
mission probability T ≈ 0.65. Such tunneling process is
expected to take place within about 1 ms, which is well
within the typical decoherence time.
IV. CONCLUSIONS
In summary, we have proposed a feasible scheme to
simulate and detect the scattering dynamics of the quan-
tum Maxwell equation with trapped ions. We have shown
that the Klein tunnelling probabilities of the Maxwell
particles in the linear potential can be resolved by the
Landau-Zener transition in momentum space. We have
demonstrated that the Klein tunneling can be observed in
trapped ion experiments based on quantum simulation of
the Maxwell particles with the ion modes. Notably, sim-
ulation of the Klein tunneling in the Dirac equation has
been experimentally achieved with trapped ions [2, 5],
and the technologies developed there can be directly used
in our proposed scheme. Thus, the present scheme is
quite promising for realizing the first experiment on sim-
ulation of the Maxwell particles.
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